Introduction
In the paper [1] S. Saito and the author constructed a surface X over a p-adic local field such that the l-primary torsion part CH 0 (X)[l ∞ ] of the Chow group of 0-cycles is infinite for l = p, which gave a counter-example to a folklore conjecture. The purpose of this paper is to show that there is such an example even for l = p: Our proof is comparable with that of [1] , however a new difficulty appears in case l = p. Let us recall the outline of the proof of [1] briefly. It follows from the universal coefficient theorem on Bloch's higher Chow group that we have the exact sequence
for any l (possibly l = p). The proof of [1] breaks up into two steps. We first showed that if X is generic then CH 2 (X, 1) ⊗ Q l /Z l contains only decomposable elements supported on hyperplane section (cf. Lem. 3.2.2 below). Next we showed that the boundary map
is surjective (modulo finite groups) for X which has a good reduction Y . Thus if Y contains primitive divisors, then CH 2 (X, 1; Q l /Z l ) contains indecomposable elements and hence the map i cannot be surjective.
The technique used in the former step works also in case l = p. On the other hand, in the latter step, we used the result of Sato-Saito [6] , in which they proved a weak Mordell-Weil type theorem for Chow group mod l different from p. Unfortunately its mod p counterpart has not been obtained. Thus we cannot use the same technique as in [1] to show the surjectivity of the boundary map in case l = p.
Actually we do not need the surjectivity of ∂ to prove Theorem 1.0.1. It is enough to show that the corank of the image of ∂ is greater than one. To do this, we construct an indecomposable element in CH 2 (X, 1; Z/p n Z) (never coming from CH 2 (X, 1) ⊗ Z/p n Z !).
The strategy is as follows. We consider a quintic surface X ⊂ P
3
Qp which contains an irreducible quintic curve C with four nodes. LetC → C be the normalization and {P i , Q i } (1 ≤ i ≤ 4) the inverse images of the four nodes on C. Since the curveC is genus 2, there is a rational function f n onC such that div(f n ) ≡ 4 i=1 r i (P i − Q i ) mod p n (this is a simple application of the theorem of Mattuck [5] which asserts that the Jacobian J(C)(Q p ) is isomorphic to Z 2 p modulo finite groups). Thus the pair (C, f n ) determines an element in CH 2 (X, 1; Z/p n Z). We then prove that its boundary is nontrivial (hence indecomposable) under some assumptions. This paper is organized as follows. In §3, we give an axiomatic approach to the construction of surface with infinite p-primary torsion in the Chow group of 0-cycles. In §4, we will construct such a quintic surface over Q p . A technical difficulty appears in the calculations of the boundary map. There we will use Igusa's j-invariants of hyperelliptic curves of genus two, which we list in Appendix for the convenience of the reader.
Preliminaries
For an abelian group M we denote by M[n] (resp. M/n) the kernel (resp. cokernel) of the multiplication by n. We denote the p-primary torsion by
For schemes X and T over a base scheme S, we write X(T ) = Mor S (T, X) the set of S-morphisms, and say x ∈ X(T ) a T -valued point of X. If T = SpecR, then we also write X(R) = X(SpecR) and say x ∈ X(R) a R-rational point.
For a regular scheme X, we denote by Z i (X) = Z dim X−i (X) the free abelian group of irreducible subvarieties of Krull dimension i.
K-cohomology and Gersten complex
Let X be a smooth variety over a field F . Let us denote by X i the set of irreducible subvarieties of X of codimension i. We write the function field of Z by η Z .
Let K i be the sheaf associated to a presheaf U → K i (U) where
We only concern with H 1 (X, K 2 ). It has an explicit description by using the Gersten complex
Recall the maps d 1 and
The map d 1 is defined in the following way. LetD → D be the normalization. To f ∈ η × D , we associate the Weil divisor divD(f ) onD. Letting j :D → D ֒→ X be the composition,
Then the Gersten conjecture (Quillen's theorem) tells that (2.1.2) gives rise to a flasque resolution of the shaef K 2 /n and hence one has the canonical isomorphism It follows from (2.2.2) and (2.2.3) that one has Bloch's exact sequence
If F is a p-adic local field, the cohomology group H
) is known to be finite (resp. of cofinite type). Hence the n-torsion part CH 2 (X)[n] is finite and CH 2 (X)[l ∞ ] is of cofinite type for any n and l:
Boundary map
Let R be a discrete valuation ring with a prime element π. Put K := R[π −1 ] and F := R/πR. Let X R → SpecR be a projective smooth scheme over R. Put X K := X R × R K and X F := X R × R F. There is the boundary map
Let us recall the definition. We freely use the identifications (2.1.3) and (2.2.1)
Thus one can consider it to be a divisor on X F and hence it determines an element [Z] of Pic(X F ). We then define
It is simple to show that (2.3.2) is well-defined, namely it annihilates the image of d 2 ⊗ Z/n.
Surface containing a curve with nodes
Let K be a finite extension of Q p , R the ring of integers and F the residue field. For a scheme V R over R, we write
Conditions (A) and (B)
Let X R ⊂ P 3 R be a hypersurface which is smooth over R and C R ⊂ X R a hyperplane section which is flat over R. Let π 0 :C R → C R be the normalization and i : C ′ R →C R a desingularization, i.e. C ′ R is a regular arithmetic surface which is proper flat over R and C
) =D j and E l are exceptional curves (see Remark 3.1.2). Note that C F andC F are reduced schemes (Remark 3.1.3).
We consider the following two conditions on (X R , C R ).
(A) X K satisfies the following.
There is a nonsingular scheme S over Q and a morphism X S → S which has a Carte-
induced from an embedding Q(S) ֒→ K such that the complexes
induced from the Gauss-Manin connection are exact at the middle terms. Here we put
with H a hyperplane section.
(B) C R satisfies the following conditions (B-1) and (B-2).
(B-1) (1) C R is an irreducible (hence integral) scheme (cf. Remark 3.1.3).
(2) C K has singular points A 1 , · · · , A m which are K-rational nodes.
(B-2) There are r i ∈ Z p (1 ≤ i ≤ m) which satisfy the following.
(
Chapter III). Then there is no solution x l ∈ Q p which satisfy all of the following equalities
In other words, there are q k , q
Remark 3.1.1 Since P i,R and Q i,R are R-sections, they meet C ′ F at nonsingular points transversally. Thus we have 
the irreducible decomposition). In fact, π 0 is a finite morphism (EGA IV 7.8) which is an isomorphism over the regular locus
3.2 Infinite p-primary torsion in the Chow group of 0-cycles
is nonzero (hence it is infinite).
This follows from Bloch's exact sequence (2.2.4) and the following Lemmas 3.2.2 and 3.2.3.
Lemma 3.2.2 The image of the regulator map
coincides with the image of the map
. In other words the map
is zero.
Proof. The condition (A) implies the above assertion (the proof is the same as in [1] ).
Lemma 3.2.3 The corank of the image of the boundary map
is greater than 1. In other words the image of the map
has nonzero corank where H is a hyperplane section.
Proof. The proof makes use of the condition (B). We first construct an element
where Z 0 (C ′ K ) denotes the free abelian group of closed points on C ′ K . Since
. By replacing f n with cf n for some constant c ∈ K * , we may assume that the support of
By definition of the boundary map
Therefore it is enough to show that min{ord p (n j )} j is bounded as n → +∞ (since ord p (0) := +∞ by convension, it implies that some n j is nonzero). Since
for any components D of C ′ F and the intersection numbers on C
It follows from (B-2) (3.1.6) and (3.1.7) that we have
Here n j may depend on n. However so does none of r i , q k , q ′ s or the above intersection numbers. Therefore at least one n j is nonzero and its p-adic order is bounded by that of the right hand side. This completes the proof. 
Corollary 3.2.4 Let (X R , C R ) satisfies (A) and (B). Then the corank of CH
Here the right vertical arrow is injective modulo finite group. This completes the proof.
Construction of Quintic surface
In this section we construct (X Zp , C Zp ) which satisfies the conditions (A) and (B) (N = 2, m = 4) in case X Zp is a quintic surface.
Setting
be the homogeneous coordinates of P 43 Z where I runs over the multi-indices such that i k ≥ 0 and i 0 + i 1 + i 2 + i 3 = 4. Put H(x, y, z, w, t) :=
where
We then consider a quintic homogeneous polynomial F (x, y, z, w, t) := G(x, y, z, t) + wH(x, y, z, w, t) (4.1.1) parametrized by t. For an open set S ⊂ P
43
Z we put
Z × S | G(x, y, z, t) = 0} = X S ∩ {w = 0}. We thus have a family of quintic surface containing a quintic curve which has 4-nodes at (x, y, z) = (0, 0, 1), (0, 1, 1), (1, 0, 1), (1, 1, 1):
Hereafter we take S to be an affine open set of P 43 Z (which is of finite type over Z) such that
. We glue U 1 and U 2 by identification
and obtain a schemeC S . Put s := s 1 /s 0 and t := t 1 /t 0 . Hereafter we simply denote the coordinates [s 0 : s 1 ] × w and [t 0 : t 1 ] × u by (s, w) and (t, w) respectively. There is a finite morphismC S → P 1 S of degree 2 given by (s, w) → w. The generic fiber ofC S → S is a nonsingular hyperelliptic curve of genus 2. There is the normalization π S :
We fix a regular affine scheme T of finite type over Z and a generically finite morphism T → S such that P i and Q i become T -valued points ofC S . In other words, the function field Q(T ) contains Q(S) and all of α i ,· · · , δ i in (4.1.3),· · · ,(4.1.6). PutC T :=C S × S T :
Theorem 4.1.1 There exists an embedding
σ : O(T ) ֒→ Z p such that the pair (X Zp , C Zp ) = (X S × σ Z p , C S × σ Z p )
satisfies (A) and (B).
The rest of this section is devoted to prove Theorem 4. Proof. Let
Condition (A)
be the Jacobian ring of the quintic polynomial F (4.1.1). It follows from the theory of Jacobian rings that one has
Moreover the tangent space of S is canonically isomorphic to the homogeneous part I 5 of degree 5 of ideal
of R S and the Gauss-Manin connection can be identified with the dual of the ring product R
S . Thus to show the exactness of (3.1.1), (3.1.2) and (3.1.3) it is enough to show the following 4-sequences are exact:
All of them can be checked by direct calculation (with the aid of computer).
Condition (B)
We consider the following conditions on σ. Write a σ = σ(a).
(i) The homomorphism σ is injective. In other words, (a 1 /a 0 ) σ , · · · , (d I /a 0 ) σ are algebraically independent over Q.
(ii) X 
(iv)C σ
Zp is an integral regular scheme (henceC Qp is a nonsingular hyperelliptic curve of genus 2).
(v)
There is a subset {i 1 , i 2 , i 3 } ⊂ {1, 2, 3, 4} such that
for any i ∈ {i 1 , i 2 , i 3 }. 
Proposition 4.3.1 There exists σ which satisfies all of the conditions (i),· · · ,(vi).
We shall give a proof of Proposition 4.3.1 in §4.4.
Proposition 4.3.2 Suppose that σ satisfies all of the conditions (i),· · · ,(vi). Then
Proof. (B-1) is straightforward. We see (B-2). Since J is a 2-dimensional abelian variety over Q p , one has
by the theorem of Mattuck [5] (see also [7] Part II Ch.V §7, Corollary 4). Therefore there is a nontrivial relation
which gives the condition (B-2) (1). We show that r 1 , r 2 and r 3 satisfy (B-2) (2). SinceC
is regular, what we want to show is that
is nonzero (see Remark 3.1.1 for the above equality). Suppose r 1 + r 2 + r 3 = 0. It follows from (4.3.3) that AJ(P
p . This contradicts with (vi). 
Proof of Proposition 4.3.1
For a smooth scheme V over Q p , we denote by V an a topological space V (Q p ) endowed with the p-adic manifold structure (cf. [7] Part II Chapter III). For a smooth scheme V over k ⊂ Q p , we simply write
and
Our goal is to show Proof. Easy. To prove this, we prepare some notations. Let T Q := T × Z Q andC S Q :=C S × Z Q. Let M 2 be the moduli scheme of curves of genus 2 over Q, and C → M 2 the universal curve. Then there is a dominant morphism
For ring homomorphisms
Let J → M 2 be the Jacobian of C . The divisor P i − Q i induces the morphism
We first prove that U 6 is an open set. Recall the theorem of Mattuck. Let G be the Lie algebra bundle of J over M 2 . We endow G with the p-adic topology, and denote it by G an . Then there is a subbundle Λ ⊂ G an whose fiber is isomorphic to Z 2 p and a subgroup bundle G ⊂ J an of finite index such that
where "exp" is the exponential map ( [7] Part II Ch.V §7). In particular there is a p-adically continuous homomorphism ε :
whose kernel and cokernel are finite. Clearly it is an open map on p-adic manifolds. Put
We denote by g an i etc. the associated p-adic analytic map:
be a dense open set, we have
This shows that U 6 is an open set.
Next we show that U 6 is a dense subset. The map g gives rise to the map
of the Zariski tangent space at a point x ∈ T Q . We want to show that the pull-back
of Kähler differentials is injective at the generic point of T Q . Evaluating a 0 = 0, one has a closed subscheme T 0 ֒→ T Q and generically. Therefore it is enough to show that (4.4.10) and (4.4.11) generate Ω 1 T 0 /Q as O T 0 -module at the generic point. We know the explicit forms of J 2 , · · · , J 10 (see §5 Appendix). Therefore one can check it by direct calculations (the details are left to the reader since they are long and tedious).
We prove that U 6 is dense in T an . Let σ ∈ T an be an arbitrary point. For any open ball B about σ, we want to show B ∩ U 6 = ∅. There is a point σ 0 ∈ B − Z(Q p ). Putting the degree of J 2i to be 2i, the affine coordinate ring of M 2 is given by the homogeneous part of degree 0 in the graded ring Q[J 2 , · · · , J 10 , J −1
